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Abstract—Mixed convective flow and heat transfer are considered in the annular region between concentric

cylinders filled with fluid-saturated porous material. The inner cylinder is heated and the outer cylinder

cooled. The heat transfer rate from the inner cylinder as a function of the superimposed flow is studied,

allowing for possible buoyancy effects. Both horizontal and vertical annuli are included in the study. The

equations governing flow are numerically solved. Results have been obtained for a range of Peclet numbers,

0 < Pe < 10, and Rayleigh numbers, 0 < Ra < 500. The mixed convection regime is expected to be
predominant for this range of parameters.

INTRODUCTION

THE sTUDY of flow and heat transfer in the annular
region between concentric cylinders has applications
in nuclear waste disposal research. It is proposed that
cannisters filled with radioactive waste be buried in
earth, so as to isolate them from the human
population. It is of interest to know the surface tem-
perature of these cannisters. This value would strongly
depend on buoyancy-driven flow sustained by the
heated surface, and the possible movement of ground
water past it. This is the motivation behind studying
mixed convection in a fluid-saturated porous medium
contained in a cylindrical annulus.

Free convection in a vertical porous annulus has
been extensively studied by Prasad [1], Prasad and
Kulacki [2] and Prasad et al. [3], both theoretically
and experimentally. Caltagirone [4] has published a
detailed theoretical study of free convection in a hori-
zontal porous annulus, including possible three-
dimensional and transient effects. Similar studies for
fluid-filled annuli are available in the literature, but
will not be reviewed here (see, for example Rao et al.
[5)). The forced convection problem has an analytical
solution, which has been included in this paper. The
mixed convection problem, however, appears un-
solved for the annular configuration. Ranganathan
and Viskanta [6] have studied mixed convection in
the boundary-layer formed on a vertical flat plate
bounding a porous medium. Much of the work
referred to above pertains to a two-dimensional
geometry, which in comparison to three dimensions
provides an important simplification for compu-
tation. Mixed convection in a horizontal annulus leads
to a fully three-dimensional flow field. In the present
work, this is dealt with by parabolizing the set of
governing equations.

FORMULATION

Steady flow in vertical and horizontal annuli is stud-
ied here. Flow in a porous medium is taken to be
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governed by Darcy’s law [7). Buoyancy is included
through the Boussinesq approximation. The equa-
tions governing flow in a vertical annulus are two-
dimensional, since the flow remains axisymmetric.
This may be destroyed in long fluid-filled annuli, but
this destruction of symmetry and formation of a roll
pattern is related to the inertial terms of the Navier—
Stokes equations. The assumption of two-dimen-
sionality of Darcian flow, which does not have these
inertial terms, is hence reasonable. For a horizontal
annulus, the flow is essentially three-dimensional, with
a primary flow parailel to its axis and buoyant flow
providing a swirl to it.

Let (u, v, w) be components of velocity in the (r, 6,
z) directions. For a vertical annulus, the following set
of equations is valid :

Vou=0 ¢}
V= )
= —p, (3)
Ra
w=—p+ 5T @
VT = ! T,.+ ! T,+T, S
u e Pe r P r zz J° ( )
For a horizontal annulus, the governing equations are
Veu=0 6)
Ra

u= —p,— Pe Tcosf (7a)

- _Po R
v=—- + Pe Tsin 6 (7b)
w= —p, )]

1 1 1
, u‘VT=E(T,,+;Tr+FTao+Tzz)~ (®)

In the equations given above, the velocity scale is
W, the mean velocity entering the annulus, and the
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empirical constants in grid generation
g acceleration due to gravity

J, Y  Bessel functions of first and second kind

K permeability

k¢ effective thermal conductivity of porous
medium

L length of annulus

Nu inner Nusselt number, 1/7,

Ny, inner Nusselt number at an axial
location

Ny, local Nusselt number as a function of 8
and z

Nu;  value of Ny, under forced flow

L conditions

Nu average value of Ny, over the length of
the annulus

p component of pressure driving mean
flow

p component of pressure driving

secondary flow
Pe Peclet number, WAR/a
qu heat flux on the inner wall

r,0,z cylindrical coordinates; § measured
from the gravity vector

R\, R, inner and outer radit

AR characteristic dimension, R,— R,

NOMENCLATURE

Ra Rayleigh number, gBATKAR/va

T temperature

T, inner wall temperature

AT characteristic temperature, ¢,AR/k;

u,v,w components of velocity
w mean flow in axial direction.
Greek symbols
o thermal diffusivity of saturated porous
annulus
B volumetric expansion coefficient

n transformed radial coordinate

An nth eigenvalue

v kinematic viscosity

b4 secondary-flow stream function.
Other symbol

v gradient operator in cylindrical

coordinates.

Subscript

r derivative with respect to r
Superscripts

! derivative with respect to argument

n current location in the z-direction.

length scale is R,— R, the annular gap width. The
two dimensionless parameters which arise in this
problem are the Rayleigh number and the Peclet num-
ber, which are defined in the Nomenclature. Equa-
tions (1)—(8) are solved subject to a constant heat flux
on the inner boundary and an isothermally cooled
outer boundary. Only one half of the horizontal annu-
lus (6 = 0-n) is considered, due to the symmetry of
the problem. The boundary conditions are

r=R,, T,=-1

r=R,, T=0

0=10,n, T,=10(horizontal)
z=0, w=1, u=v=0, T=0
z=L, T,=0(vertical). ©

METHOD OF SOLUTION

Vertical annulus

Equations (1)—(5) and the associated boundary
conditions are solved as a two-dimensional elliptic
boundary-value problem. To this end, a stream func-
tion ¥ is introduced, which is obtained from
u=(1/)¥, and w= (1/r)¥,. The stream-function
equation is obtained by eliminating pressure between
equations (3) and (4). The equations are solved by a
control-volume/finite difference scheme, as described

by Gosman et al. [8]. The algebraic matrix equation
is solved by a Gauss—Seidel method. The convective
terms in the energy equation are differenced by the
second upwind procedure given by Roache [9]. All
results have been obtained on a grid with 81 points in
the z-direction and 41 in the r-direction. The nodes in
the r-direction are arranged in such a way that the
region close to the walls has a finer discretization. The
iterations continue until a convergence criterion of
0.01% is met between successive iterations. The choice
of the grid is based on the requirement of adequate
energy balance for the entire annulus. This value is
within 3% for the results given in this work.

Horizontal annulus

Equations (6)—(8), describing flow in a horizontal
annulus, are three-dimensional, and a direct solution
is expected to be computationally expensive. The fol-
lowing simplifications have been made to convert the
three-dimensional problem to a two-dimensional march-
ing problem. This process of parabolizing the flow
equations is described by Anderson et al. [10], in the
context of Navier—Stokes equations. The implications
of using this method for Darcian flow are different,
and so it is elaborated upon here. It is first assumed
that the derivatives in the mean flow (i.e. z) direction
are small, so that T, may be dropped from equation
(8). This permits a marching procedure for 7, from a
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known initial profile for temperature of the incoming
flow. The assumption that T, is much smaller than
other diffusion-related derivatives requires that Pe not
be small, i.e. Pe > 1. The second assumption is with
regard to pressure. The pressure field is taken to be of
the form

p(r,0,2) = p(z) +5(r, 6). (10)

This is justified whenever there is a mean flow which
does not undergo reversal and a superimposed sec-
ondary flow driven by the pressure field p(r, 6). From
equation (6c¢), it follows that

(1n

This equation can be solved by using the constraint
of mass conservation, i.e.

w= —p(2).

R, f'n
f rw(r,0,2)drdd = ~ (R3—R?).
R, Jo 2

Using equation (11), this gives p(z) = —1, and so
w(r, 0, z) = 1 everywhere. This step decouples equa-
tions (7a) and (7b) from equation (7c) and permits
the use of a stream function in place of the secondary
pressure field j(r, 8). Defining the stream function ¥
fromu = (—1/r)¥sand v = ¥, the three-dimensional
continuity equation is now identically satisfied by V.
The equation governing ¥ is obtained from equations
(7a) and (7b) as

1

1 Ra/(l
Y, +-¥,+5¥ = —a(—c050T9+T, sinﬂ).
r r e\r

P
(12)

With the velocity field now determined, the energy
equation is solved by marching along the z-coor-
dinate.

Solutions of equations (8) and (12) are again
obtained by finite differences. The initial temperature
of the fluid as it enters the annulus is taken as zero,
which is also the outer wall temperature. Equation (8)
is cast in the form

1 1 1
T, = E(VZT)—- (; (ruT),+;(vT)9> =

and equation (12) as
V¥ -8S, =0.

Marching in the z-direction is fully implicit, and the
velocity-temperature calculation is fully coupled. The
iteration scheme is generated from
Tn+ 1__ Tn
Az

[V2¥—S,]" ' =0.

= Qn+1l
=8

(13a)

(13b)

The node concentration next to the walls is
accomplished by a grid generation method {11}. The
variable r is replaced by n, where 7 satisfies
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1 2
Mat 0, = — 3, Asign (n—n,)exp (—cln—mnl).
=1
(14)

Values of A = 10 and C = 0.2 provide sufficient nodal
concentration near the walls of the annulus. In equa-
tion (14), n, = R, and n,= R,. Details of the use of
grid generation in cylindrical geometries may be found
in ref. [12]. A 21 x 21 grid is used in the r- and 0-
directions. In the z-direction, the step size is non-
uniform, ranging from 0.005 very close to the inlet to
0.04 at large distances from it. This choice of grid
ensures an energy balance of within 5%, and good
agreement with analytical results, as described later.
The energy balance is however poor for values of
z < 0.02. At the inlet the local Nusselt number goes
to infinity, and no attempt has been made to improve
the results in this region.

Calculations for the vertical annulus were per-
formed on a VAX 11/780 computer. For the choice
of the grid and convergence criterion used in this
work, the CPU time was found to be 2 min per run.
The CPU time depends strongly on the initial guess,
and hence on the change in Rayleigh and Peclet num-
bers from one run to the next. For a given Peclet
number, the change in Ra was kept around 100 in the
present study.

Calculations for the horizontal annulus were per-
formed on a DEC-1090 computer. Marching in the z-
direction was accomplished using a variable inte-
gration step to keep the computing time per step
almost uniform. The CPU time per run (up to z ~ 10)
was found to be 10 min. The thermal development
length decreases for higher values of Ra. This behav-
iour is discussed in the next section. Hence, cal-
culations of strong mixed convection flow were found
to require less time in comparison to forced flow.

Analytical solution
Forced flow in a porous annulus can be solved
analytically for the temperature field. The mathe-

z P (4 " T "

r=R,, T,=-1
r=R2, T=0
z=0, T=0. (15)

The solution is obtained by separation of variables
- [13] and is given as

R O
T(r,z) = R, In=2 + Y. C.R(4,,r)exp (-A,ff—)
r & Pe

(16)
where

R = Jo(4,1) Yo (4, R3) — T o(4nR2) Yo (4,7)
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FiG. 1. Comparison of analytical and numerical solutions for inner wall temperature: Ra = 0.

R, R
J rR, lnTzR(in, r)dr

R,

Cr= -
f rR*(1,,7) dr

Rl
and A, is the root of
o(AR) Yo (4,Ry) —Jo (A R;) Y5 (4, R) = 0.

Validation of numerical results

The numerical procedures described above for both
the horizontal and vertical annuli have been tested
against the analytical solution for forced flow con-
ditions. Figure 1 shows a plot of inner wall tem-
perature in the annulus obtained from the two numeri-
cal schemes and the analytical solution given by
equation (16). The numerical solutions overlap each
other, and agreement with the analytical solution is
also good. The other extreme of free convection in a
horizontal annulus has been compared with the results
of Caltagirone [4]. Despite differences in the numerical
schemes used and in the number of nodal points,
the agreement is within 5% of the average Nusselt
number.

RESULTS AND DISCUSSION

The primary intent of this work is to study mixed
convective flow and heat transfer from heated cyl-
inders for the range of parameters encountered in
the nuclear waste disposal problem. Since the per-
meability of compacted soil is low, the Rayleigh number
range to be expected here is 0 < Ra < 100. Based on
the velocity of ground water movement, the Peclet
number range is also limited to 0 < Pe < 10. In the
event of cracking of the soil around the waste disposal
unit, higher Peclet numbers may occur. For Pe > 100,
(and 0 < Ra < 100), heat transfer is controlled by the
superimposed flow, and the analytical solution should
be adequate. For Ra > 500 (and 0 < Pe < 10), heat
transfer is predominantly due to free convection, and

the results available in the literature (e.g. Caltagirone
[4], Prasad and Kulacki [2]) should be useful. The
limiting case of simultaneously high Peclet number
and high Rayleigh number is not considered to be
probable. However, the techniques described in this
work are also applicable to this problem. It has not
been studied here due to its excessive nodal require-
ment and consequent computational effort. The other
limiting case of Pe — 0 (but not equal to zero) and
Ra > 500 cannot be solved by the marching technique
described here for a horizontal annulus. This is
because of omission of the term T, from the energy
equation. It must be solved as a fully three-dimen-
sional elliptic problem. All results presented in this
paper are for a radius ratio of 2.

Referring to Fig. 1, it can be seen that the wall
temperature attains a fully developed value for
z/Pe ~ 1. This is related to the growth of the therma]
boundary layer on the heated wall, and the fully
developed state corresponds to a boundary-layer
thickness of (R, — R)), the annular gap width. Hence,
for Pe = 10, the development length for forced flow
is about 10. Beyond this value, energy is conducted
from the inner to the outer wall, and energy trans-
ported by flow is zero. For both the vertical and hori-
zontal annuli, a length of about z = 10 has been used
in this work for Pe = 10 to study the mixed convection
problem.

Figure 2 shows a comprehensive plot of local Nus-
selt number on the inner wall as a function of distance
for a vertical annulus. Curves 1 and 2 correspond to
free convective motion of the fluid. For Ra = 1, fluid
motion barely affects heat transfer. However, for
Ra =100 (curve 2), boundary layers grow on each
wall, and the Nusselt number varies sharply with z.
Curves 3 and 4 are for mixed convective flow, with a
Peciet number of superimposed flow equal to 10. For
Ra =1 (curve 3), the influence of buoyancy is almost
absent. It can be seen that the Nusselt number vari-
ation for Ra = 100 and Pe = 0 corresponds closely in
magnitude to Ra =1 and Pe = 10. It may then be
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FiG. 2. Inner wall Nusselt number as a function of axial
distance for a vertical annulus.

concluded that the velocities generated due to buoy-
ancy at Ra = 100 are of a magnitude leading approxi-
mately to Pe = 10. Hence, at Ra = 100, values of Pe
much larger than 10 would make forced convection
predominant. At Pe = 10, values of Ra much larger
than 100 would make free convection the primary
mechanism of heat transfer. Curve 4 shows the com-
bined effect of free and forced convection on the local
Nusselt number.

Figure 3 shows a plot of average inner Nusselt
number of the entire vertical annulus of length L = 10
as a function of Rayleigh number. The incremental
change in Nusselt number as Ra increases is about
the same for all three Peclet numbers shown. Hence,
the percentage change in the average heat transfer
drops at higher Pe. A surprising result is the sharp
change in Nu as Peclet number changes from 0 to 1.
For Ra = 100, the free convective motion generated
can be expected to be more vigorous than the flow at
Pe = 1. However, as one moves from Pe=0 (no
prescribed flow) to Pe > 0, a fundamental change in
flow pattern occurs. At Pe=0 (Ra>0), a re-
circulation pattern sets in which is completely
destroyed for Pe> 0. This pattern is replaced by thin
thermal boundary layers, which give rise to large heat
transfer rates. Hence, the jump in average Nusselt
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number from Pe = 0 to 1 is essentially a phenomenon
related to inlet conditions of flow. As the length of
the vertical annulus is increased, thus jump can be
expected to reduce.

In the configuration considered above, buoyancy
aids mean flow and there is an increase in heat transfer
rate from the heated wall over the forced convection
value. It is also possible to consider external flow in
the direction parallel to the gravity vector, against the
direction of free convective motion. Results of this
calculation are not presented here. This is because the
solution is seen to be very sensitive to the exit flow
boundary condition. The gradient boundary con-
dition used in this work at z = L assumes that the
flow is not seriously disturbed at this location and
beyond. This is not realized in the opposed flow
arrangement. It is recommended that measured pro-
files of velocity and temperature be used instead in
future calculations.

Figure 4 shows a plot of local inner Nusselt number
of a horizontal annulus as a function of the axial
coordinate and for various Rayleigh numbers. At
Ra =0, the curve for forced flow (equation (16)) is
reproduced. As Ra increases, the curve shifts upwards,
since heat transfer is due to the combined mechanism
of mean flow and the buoyant secondary flow. There
is no sudden change in structure of flow as one goes
from Pe = 0 to Pe > 0. This is because the secondary
flow is quite small very close to the entrance, where the
thermal boundary layers are thin. Its effect increases
downstream, and a fully developed state is attained,
which depends on the value of Ra. Hence, for
Ra < 500, forced flow dominates free convection over
the range 0 < z < 1. The extent of mixed convection
depends on the magnitude of Ra, and is reduced at
large Ra. Buoyancy can be seen to accelerate the
growth of the boundary layer, and also determine the
heat transfer rate, once this layer fills the annular gap.
At Ra = 100, the fully developed Nusseit number is
2.298; at Ra = 500, it is 3.94. These values are ident-
ical to the average Nusselt numbers obtained from
two-dimensional analysis of free convection in a hori-
zontal porous annulus. (See, for example, ref. [14].)
Figure 5 shows a plot of the extent of secondary flow
along the length of the annulus. The effect of this
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FiG. 3. Average Nusselt number of a vertical annulus as a function of Rayleigh number.
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Fi1G. 4. Inner wall Nusselt number as a function of axial distance for a horizontal annulus.

flow is to give rise to a skewness in Nusselt number
variation in the angular direction. In Fig. 5, the Nus-
selt number has been normalized by its value at the
axial location if forced flow conditions had prevailed.
At z = 0.275, the skewness is small, but it increases
with distance. At z = 10.675, the full variation in Nu
seen in free convection in a horizontal porous annulus
is recovered.

Figure 6 shows a sketch of velocity vectors in an
annulus with a heated inner wall for Ra =0 and
Ra > 0, but for finite Peclet numbers. In Fig. 6(a), the
changes in the velocity field due to increasing Rayleigh
number are shown for a vertical annulus. The
enhancement in heat transfer arises from acceleration

0.275
1O 4
08 L o 4
(o) 6 T2 8 144 180
© (degres)

F1G. 5. Local Nusselt number as a function of the angular
coordinate in a horizontal annulus.

of flow in the neighbourhood of the heated wall.
Figure 6(b) shows changes in velocity for a horizontal
annulus. In this problem, heat transfer is governed by
the formation of a swirl component of velocity in the
annulus.

CONCLUSIONS

The following observations have been made on the
basis of the calculations presented in this study. These

I
I
I

Ra >0

X
o
\4

i

1

(b

Fi1G. 6. Sketch of velocity vectors in mixed convection flow
in a porous annulus.
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are specific to the radius ratio of 2, but no substantial

qualitative differences should be expected at other

radius ratios. (The development length and Nu—Ra
relationship are, however, functions of this radius
ratio.)

(1) The forced convection thermal boundary layer
grows over a distance of z ~ Pe, before it fills the
annular gap.

(2) In a vertical annulus, a Peclet number of 10
generates the same order-of-magnitude velocity as
Ra = 100. Hence, at Ra = 100, Pe > 10 would give
rise to a forced convection regime. Similarly, at
Pe = 10, Ra > 100 would give rise to a free convection
regime. For large annulus lengths, the mixed con-
vection Nusselt number approaches the conduction
Nusselt number, irrespective of the Rayleigh number.
In this conduction regime of fluid movement, buoyant
flow is nonzero, but it does not alter the rate of wall
heat transfer.

(3) In a horizontal annulus, buoyancy is small very
close to the entrance, but increases in the flow direc-
tion. At the fully developed state, the Nusselt number
is entirely determined by the secondary flow. Hence,
the large-distance Nusselt number does not approach
the conduction limit, and increases with Rayleigh
number. The rate of boundary-layer growth increases
with Ra; as a result, the extent of the mixed convection
regime diminishes at high Rayleigh numbers.
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ECOULEMENT DE CONVECTION MIXTE DANS UN ESPACE ANNULAIRE POREUX
SATURE

Résumé—L’écoulement de convection mixte et le transfert thermique sont considérés dans un espace
annulaire entre deux cylindres concentriques, rempli d’un matériau poreux saturé de fluide. Le cylindre
intérieur est chauffé tandis que le cylindre extérieur est refroidi. On étudie le taux de transfert thermique
au cylindre intérieur en fonction de ’écoulement surimposé,. avec des effets possibles de flottement. On
inclut dans ’étude les espaces annulaires horizontaux et verticaux. Les équations sont résolues numérique-
ment. Les résultats concernent un domaine de nombre de Péclet 0 < Pe < 10 et de nombre de Rayleigh
0 < Ra < 500. Le régime de convection mixte est admis étre prédominant pour ce domaine des parameétres.

MISCHKONVEKTION IN EINEM GESATTIGTEN POROSEN RINGRAUM

Zusammenfassung—Die Stromung und der Warmeiibergang bei Mischkonvektion in einem pordsen,

gesittigten Ringraum zwischen konzentrischen Zylindern werden untersucht. Der innere Zylinder wird

beheizt, der duBere gekiihlt. Die Warmeabgabe am inneren Zylinder wird als Funktion der {iberlagerten

Stromung untersucht, wobei mogliche Auftriebseffekte beriicksichtigt werden. Sowohl horizontale als

auch vertikale Ringrdume werden untersucht. Die Strémungsgleichungen werden numerisch geldst. Die

Ergebnisse gelten fiir Peclet-Zahlen 0 < Pe < 10 und Rayleigh-Zahlen 0 < Ra < 500. Es wird erwartet,
daB in diesem Parameter-Bereich Mischkonvektion vorliegt.
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CMEINAHHOKOHBEKTHBHOE TEYEHHE B HACBIINEHHOM XHWAOKOCTBIO
MOPUCTOM KOJIBLIEBOM CJIOE

Aumoraims—PaccMaTpHBaeTC CMEIIAaHHOKOHBEKTHBHOE TEYCHHE H TEIUIONEPEHOC B HPOCTPaHCTBE
MEXNYy KOHUCHTPHYECKHMH LMJIHHAPaMH, 3a0JHEHHOM NMOPHCTHIM BEIUECTBOM, HACHIIICHHBIM XHAKOC-
Thio. BHyTpeHHMt WAIMHAD HarpeBaeTcs, a BHelIHHH oxnaxaaercd. C yyeToM 3(¢PeKTOB IMOABEMHBIX
CHJI HCCeYeTCd MHTEHCHBHOCTD TEILIONEpPeHoca OT BHYTPEHHero muinnapa. Mayyarorcsa kak ropH3oH-
TaJbHbI, TaK #H BEPTHKAIbLHBA KoNblieBble 3a30pH. UMCICHHO DEINAIOTCA ONPEC/IAIOIHE ypaBHEHHS
s noroka. [MoayyeHs pesynbTaTtel aaf wucen Ilekne, m3menstomuxcs B guanasone 0 < Pe < 10, u
Auanasona 4uces Panes 0 < Ra < 500. Ilpeanonaraercs, 4To AIA JaHHOTO [Mana3oHa IapaMeTpoB
npeo6nanaloluM pexuMoM Gyaer cMellaHHaA KOHBEKLMS.



